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 MATHEMATICAL NOTES. MATHEMATICAL NOTES.

 [Ex. 132639520; we have + 639 =652 - 639= 13.]

 (c) Take n = 4. The remainders for 17 are 1, 4,16, 13, ..., or 1, 4, - 1, - 4,....

 3856 - 94 90 [Ex. 17190419213856; wehave +7684619 =11540-1972=9568 and

 9568= 17 x 562 + 14. .. 14 is the remainder on dividing 1719...3856 by 17.]

 III. More generally, if 1, x, y, z, ... are successive remainders on dividing
 10?, 10", l0"+", 10lo+n+', ... by F, then ...abcdef is M(Fi) if

 (first group of m digits)+(next group of n digits)
 x x + (next group of p digits) x y +...= (F).

 (a) Take m=5, n=4, p=0.
 Remainders for 19 are 1, 3, - 1, -3, ....
 Divide into groups of 5, 4, 5, 4, ... digits, and multiply in order by 1, 3,

 -1, -3.
 Then the number is divisible by 19 if the sum thus found is M (19).

 [Ex. 5711430415259337; we have
 59337 -114306192 19 X3168=M(19

 +12456- 171 =60192 = 19 x 3168 = M (19).

 (b) Take m=5, n=3, p=3.
 Remainders for 23 are 1, 19, 2, 22, 4, 21,

 or 1, -4, 2, -1, 4, -2, ....
 Divide into successive groups of 5, 3, 3, ... digits, multiply in order by

 1, -4, 2, and proceed as before.

 (c) Take m=4=n, p=3, q=3.
 Remainders for 29 are I, - 5, -4, 2, - 1, 5, 4, - 2, ...;

 groups are of 4, 4, 3, 3, ... digits;
 multipliers are 1, -5, -4, 2, - 1, 5, 4, -2, ..., and so on.

 A considerable saving of labour is effected by throwing out every multiple
 of the divisor.

 Take for example III. (a):
 5711430 4152 59337
 00 011 031 4 03 2318

 11 0124 00418
 1 1 0105 00038

 1 1 1 0 1 5 100000
 315- 11= 304 =M (19).

 A large lnumber of these tests has been collected by the Abb6 Gelin. For
 further, but less useful, developments see Mathesis, 2"d Series XI., 1892, p. 67,
 and 1Vt Series III., p. 104. W. J. GREENSTREET.

 58. On the general proof of the rule for finding the product of two algebraic
 expressions.

 Although this rule is always quoted explicitly in proving the Binomial
 Theorem, and constantly used implicitly, I have never seen a complete proof
 in any Algebra, the usual course being, as in Chrystal, to refer to it as an
 easy generalisation of simple cases of distribution of products.

 The proof has the merits of being easy, of offering several good specimens
 of reasoning from the form of an expression, and of forming in many ways a
 good starting point for ideas about algebraic functions, which, in spite of
 Chrystal, are apt to be neglected when so many 'rules' have to be learnt for
 examination purposes.
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 The form in which I generally get it (I do not give it as a 'rule' at all) is
 somewhat as follows:

 The product (a+ a)(b + f) can be written out as

 a(b+ 3)+ a(b+/ ), (From 1st principles and the
 b(a+a)+ /(a+ a), meaning of the symbols
 ab + af + ab + af. employed.)

 The first shows that every term in the third contains either a or a, never
 both, but always one. Similarly for b and 13.

 Taking now (x+a+a)(b+f ), and further examples;
 similar results are obtained, and the number of terms in the distributed
 product found from the number of terms in each factor.

 Then taking (z + c + y)(x + a + a)(b + /3),
 and writing it as

 z{(x+a+a)(b+ /3) +c{(x+a+a)(b + /)}+ y{(x+a+ a)(b+ /)},
 similar results follow for three factors, and so on.

 The proof that the ternls of a product of any number of expressions are
 found by taking the partial products in every possible way is, I believe, easiest
 as given in Clifford's Common Sense of the Exact Sciences, modified slightly to
 suit a more general form.

 A reversal of the process indicated above gives an easy proof that the
 distributed product of any number of expressions takes the form mentioned.

 J. ELLIOTT.

 59. On the Circular Mleasure of Angles.

 Every teacher knows how hard it is to treat this part of trigonometry in
 a perfectly satisfactory way. It was, I believe, pointed out by Whewell that
 the difficulty lies in the phrase 'length of an arc.' The meaning of this is
 not fixed because no need of a definition is felt, and it is not surprising that
 it should be difficult to avoid looseness in arguing about a thing which has
 not been exactly defined. Now in geometry the comparison of magnitudes
 depends ultimately on superposition. The length of a straight line, that is,
 the number of units of length it contains, is ascertained by superposition of
 it and multiples of it upon the unit and its multiples. But it is impossible
 by this means to compare lines of different curvature since they cannot be
 superposed without bending, and there is no way of guaranteeing that the
 bending does not change the length until we know what is meant by the
 length.

 We may define the length of an arc as being the limit of the perimeter of
 an inscribed open polygon whose sides are indefinitely diminished. This
 affords a satisfactory basis for argument if we prove that the perimeter has
 a definite limit independent of the law of formation of the polygon. But
 this early introduction of the idea of an integral may be avoided, and the
 measurement of arcs put off to a later stage, if we make use of the follow-
 ing known geometrical theorems:

 Sectors of the same circle vary as their angles (Euclid VI. 33).
 Circles are to each other in the duplicate ratio of their radii (Euclid xii. 2).
 Hence if the unit angle is taken to be half that of a sector of unit radius

 and unit area, the area of any sector is Ir20.
 The formula sin 0< 0<tan 0 follows by comparison of the sector with

 two triangles as in Hall and Knight's Elementary Triqonometry (p. 261).
 The length of a circular arc may be proved to have a definite value, and

 this value may be found, by proving that the perimeter of an inscribed
 polygon (not including the bounding radii) is less than twice area of sector
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